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Thermal Control and Cooling Enhancement
using Prescribed Surface Temperature (PST)
and Prescribed Heat Flux (PHF) in Radiative
MHD Boundary Layer Flow over a Permeable
Shrinking Sheet

Emeziem |. Chukwuemeka®, Uchenna A. Uka? ", Edwin Esekhaigbe®

Abstract—This study investigates the heat transfer
characteristics under the influence of Prescribed Surface
Temperature (PST) and Prescribed Heat Flux (PHF)
thermal conditions on steady, two-dimensional,
magnetohydrodynamic boundary layer flow of an
electrically conducting fluid over a permeable shrinking
sheet embedded in a porous medium, considering the
presence of mass suction, thermal radiation, and heat
source/sink. The formulated governing equations are
transformed, using similarity transformation, to a system
of ordinary differential equations. The equations are
linearized via the regular perturbation technique, and the
resulting equations are solved analytically. The influence
of the various flow parameters on the velocity and
temperature profiles under the two heating conditions is
shown in the form of graphs, while the trends in quantities
of physical significance, such as skin friction and Nusselt
number, with some flow parameters, are analyzed via
tables. The findings demonstrate that suction stabilizes
boundary layer flow across a diminishing sheet and
highlight the magnetic field's importance as a flow control
parameter. Furthermore, the temperature profiles show
that the PHF scenario consistently generates higher
temperatures than the PST example, resulting in thicker
thermal boundary layers. Also, the suction and Prandtl
parameters are the most effective mechanisms for boosting
heat transfer. It was also found that radiation and heat
sources impede heat transmission.

Index Terms— Heat source/sink, Mass suction, MHD
boundary layer, Prescribed Surface Temperature,
Prescribed Heat flux, Radiation.
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The list of symbols is given in Tables 1.

TABLE 1: LIST OF SYMBOLS

Symbol Quantity S.I. Units ?

K permeability Dimensionless

M magnetic field strength Dimensionless

Sw Mass transfer Dimensionless
parameter

R thermal radiation Dimensionless

Hs heat source/sink Dimensionless
parameter

Pr Prandtl number Dimensionless

o Electrical conductivity s/m

I. INTRODUCTION

The boundary-layer flow over moving surfaces has remained
an active and productive research area owing to its wide-
ranging applications in engineering and manufacturing
processes, including polymer and material processing, cooling
of metallic sheets, wire drawing, glass-fibre production,
crystal growing, paper production, and numerous others. This
work aims to fill the following gap:
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a) Examine the boundary layer behavior of
heat transfer in hydro-magnetic flow over a
permeable shrinking sheet in the presence
of mass suction, thermal radiation, and a
uniform heat source/sink under the PST and
PHF thermal conditions.

b) Using distinct non-dimensional variables
for the prescribed surface temperature
(PST) and prescribed heat flux (PHF) cases
to obtain identical similarity equations for
the energy field, thereby establishing a
unified analytical framework.

C) Highlighting the influence of PST and PHF
thermal conditions on the thermal
boundary layer which is critical to high-
temperature-driven processes  where
thermal control is of optimal importance.

Il. LITERATURE REVIEW

The earliest systematic investigation of boundary layer flow
over a continuous surface moving at constant speed was
provided by Sakiadis [1]. Later, it was subsequently extended
by Crane [2] to the stretching sheet problem, motivated by
polymer extrusion processes, wherein the boundary layer flow
of an incompressible viscous fluid driven by a linearly
stretching sheet was analyzed. Gupta and Gupta [3] examined
heat and mass transfer characteristics for flow over a
stretching sheet subjected to suction and injection. Wang [4]
extended the analysis to three-dimensional flow due to a
stretching sheet. Subsequent important contributions to the
study of flow over stretching sheets, encompassing diverse
flow situations and geometrical configurations, were made by
Uka et al. [5], Vajravelu and Nayfeh [6], Kumaran and
Ramanaiah [7], Magyari and Keller [8], and Pertha et al. [9].
Olajuwon and Ohiamire [10], employing perturbation
techniques, examined the effects of variable thermal
conductivity and heat source/sink on the hydromagnetic flow
of a viscous, incompressible, electrically conducting fluid over
a stretching sheet near a stagnation point. Using the Homotopy
Analysis Method (HAM), Abd El-Aziz Mohamed and Nabil
Tamer [11] investigated the combined influence of Hall
current and thermal radiation on hydromagnetic mixed
convection flow past an exponentially stretching sheet.

Despite extensive research on stretching sheet flows, boundary
layer flow over a shrinking sheet has attracted considerable
interest in recent years, driven by its numerous industrial
applications in material processing, industrial bulk packaging,
soil analysis, and related fields. Flowing over a shrinking sheet
is characterized by backward flow directed toward a slot. A
defining feature of this configuration is that the generated
vorticity is not confined within the boundary layer;
consequently, a steady flow over a shrinking sheet is not
possible unless a sufficient opposing mechanism, such as
suction or a magnetic field, is imposed on the surface. This
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flow configuration was first identified by Wang [12].
Miklavicic and Wang [13] subsequently established that the
existence and uniqueness of solutions for flow over a
shrinking sheet in both two-dimensional and axisymmetric
cases are contingent upon adequate suction. Further
investigations of shrinking sheet flows were reported by Fang
[14], Fang and Zhang [15], and Noor et al. [16].
Bhattacharyya [17] studied the effect of heat source/sink on
MHD flow and heat transfer over a shrinking sheet, reporting
that the temperature profile is enhanced by the heat source
parameter while the heat sink parameter produces the opposite
effect. Bhattacharyya et al. [18] obtained an analytical
solution for the MHD boundary layer flow of a Casson fluid
over a stretching/shrinking sheet with mass suction. Their
findings revealed a unique closed-form solution for the
stretching case, whereas dual solutions were observed for the
shrinking case within a certain range of physical parameters;
moreover, a sufficiently strong magnetic field was shown to
yield a unique similarity solution for the shrinking sheet,
independently of other physical parameters. Jankal and Manoj
Kumar [19], employing the Runge-Kutta-Fehlberg numerical
scheme, examined the effects of mass suction on MHD
boundary layer heat transfer past a shrinking sheet. More
recently, Emeziem and Asor [20] provided a mathematical
analysis of hydro-magnetic flow and heat transfer over a
shrinking sheet under conditions of large suction. Uka et al.
[21] asserted that partial velocity slip may arise along a
stretching surface in fluid flow when the fluid includes
dispersed particles, such as those found in emulsions,
suspensions, foams, and polymer-based solutions.

Thermal radiation exerts a significant influence on heat
transfer whenever the temperature differential between the
surface and the ambient fluid is large. In practice, many
industrial processes are driven by high-temperature conditions,
making the understanding of radiative heat exchange in such
settings critically important. Thermal radiation finds
widespread application in nuclear and space technology as
well as in polymer and metal processing industries. Shit and
Halder [22] studied the combined effects of radiation and Hall
current on MHD flow, heat, and mass transfer over an inclined
permeable stretching sheet with variable viscosity. Babu et al.
[23] numerically investigated the effects of thermal radiation
and heat source/sink on MHD heat and mass transfer over a
shrinking sheet with mass suction, demonstrating that
radiation enhances the thermal boundary layer. Ishak [24]
similarly reported on the effect of radiation on MHD boundary
layer flow due to an exponentially stretching sheet, using the
Keller-box numerical method.

In most manufacturing processes, the quality of the final
product is strongly influenced by the rate of heat transfer at the
surface. Equally, in the design of engineering equipment such
as electronic devices and heat exchangers, precise control of
the heat transfer rate is indispensable for optimal performance.
Accordingly, the management and control of heat exchange in
engineering processes is of paramount importance. In heat
transfer analysis, thermal boundary conditions govern the
mode of heat exchange between a surface and the surrounding
fluid. Two widely employed thermal conditions in fluid flow

and thermal engineering are the Prescribed Surface
Temperature (PST) condition, in which the surface
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temperature is specified, as encountered in electronic devices,
heat exchangers, and temperature-controlled manufacturing
processes; and the Prescribed Heat Flux (PHF) condition,
which specifies the rate of heat energy transferred per unit
area of a surface. The PHF condition finds practical
application in solar devices, heat exchangers, energy storage
systems, and aerospace technology. Hitesh Kumar [25]
analytically investigated heat and mass transfer in MHD flow
over a stretching sheet under the combined influence of
radiation, viscous dissipation, and Joule heating with a power-
law variable wall temperature. Mahapatra and Nandy [26]
used Runge-Kutta integration, analyzed MHD axisymmetric
stagnation-point flow and heat transfer over an asymmetrically
shrinking sheet, considering both PST and PHF heating
conditions. Fadzilah et al. [27] extended the work of Sajid and
Hayat [28] by incorporating the PHF condition into the energy
equation. Uka et al. [29] examined the temperature
distribution and boundary layer thickness in a fluidic stream
across a stretching sheet with viscous heating effects and
thermal non-equilibrium. They used the series technique to
produce the analytical solution, and the Mathematica program
was used to perform the numerical simulation. The outcome
demonstrated that an increase in the thermal non-equilibrium
number caused the temperature to rise. Greesha et al. [30]
explored the combined effects of thermal radiation, Hall
current, non-uniform heat source/sink, and fluid-particle
suspension on the flow and heat transfer of a fully two-phase
dusty viscous fluid on a stretching surface embedded in a
porous medium, considering both PST and PHF boundary
conditions. Their results indicated that the rate of heat transfer
was higher in the dusty fluid phase than in the clean fluid and
that the PHF boundary condition was better suited for
effective cooling of the stretching sheet. Also, Gireesha et al.
[31] investigated the magnetohydrodynamic boundary layer
flow and heat transfer characteristics of a dusty fluid over a
flat stretching sheet in the presence of viscous dissipation.
Sadighi et al. [32] examined the numerical investigation
examines the behavior of a quiescent couple stress fluid and
the  associated heat transfer phenomena on a
stretching/shrinking cylinder subjected to specified surface
temperature and heat flux boundary conditions. The results
indicated that the impact of prescribed heat flux on reducing
the local Nusselt number is significantly greater than that of
prescribed surface temperature for a given Eckert number.
Zeeshan et al. [33] investigate the flow and heat transfer of
Jeffery fluid past a linearly stretching sheet with the effect of
a magnetic dipole using both Runge—Kutta with shooting
technique and series solution based on genetic algorithms
(GA) and Nelder-Mead (NM) method. They considered two
types of thermal process namely prescribed surface
temperature (PST) and prescribed heat flux (PHF). Pavithra
and Gireesha [34] explored a numerical analysis on the
boundary layer flow and heat transfer of a dusty fluid over an
exponentially stretching surface in the presence of viscous
dissipation and internal heat generation/absorption for both
PEST and PEHF cases. The results showed that suction
parameter reduces the velocity and temperature profiles for
both PEST and PEHF cases.

From the foregoing review, it is evident that the analysis of
hydro-magnetic flow and heat transfer over a shrinking sheet
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under the simultaneous influence of the PST and PHF thermal
boundary conditions has received comparatively little
attention, despite the considerable body of literature devoted
to various aspects of shrinking sheet flows. A distinguishing
feature of the present study is the concurrent treatment of both
heating modes for flow over a shrinking surface, thereby
filling the comparative analysis gap that has not been
adequately reported in the existing literature. Previous
investigations have generally examined these thermal
conditions in isolation, without providing a direct comparative
assessment of their influence on MHD boundary layer flow
over a permeable shrinking sheet subjected to suction and heat
source/sink. The present study, therefore, aims to examine the
boundary layer behavior of heat transfer in hydro-magnetic
flow over a permeable shrinking sheet in the presence of mass
suction, thermal radiation, and a uniform heat source/sink
under the PST and PHF thermal conditions. This work holds
scientific merit as a theoretical contribution to boundary layer
heat transfer analysis by extending radiative MHD flow
models over permeable shrinking sheets with dual PST/PHF
thermal boundary conditions, potentially offering insights into
thermal control for cooling applications in engineering
systems, such as heat exchangers, solar collectors, and its
technical novelty and practical impact lies on new
analytical/numerical solutions and parameter effects, which
are beyond standard similarity transformations. A notable
analytical contribution of this work is the use of distinct non-
dimensional variables for the PST and PHF cases that
nonetheless yield identical similarity equations for the energy
field, thereby establishing a unified analytical framework.
Beyond its theoretical contributions, the study has direct
practical relevance to material processing, thermal
management systems, and engineering applications involving
contracting or expanding surfaces. These considerations
constitute motivation for the present investigation.

I1l. MATHEMATICAL FORMULATION OF THE MODEL

To formulate the defining equations of flow and energy, we
make the following basic assumptions.
= The fluid is Newtonian, electrically conducting, and
thermally radiating.
= The flow is steady, two-dimensional, induced by a
shrinking sheet and contained in the region y > 0.
= The sheet is horizontal, permeable, and shrinking
with velocity U,, = —cx and embedded in a porous
medium.
=  The coordinate axes are aligned such that the x —axis
is along the sheet, in the direction of flow, and the
y —axis is perpendicular to it. Fig. 1 depicts the
model's schematic.
= Astrong magnetic field B, is applied normally to the
x-axis, along with the positive y-axis.
= The temperature of the quiescent, ambient fluid in the
field far away from the sheet is T,,.
= The flow is subjected to mass suction and a uniform
heat source/sink.
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= The magnetic Reynolds number is assumed to be
small, (R,, «< 1), rendering the induced magnetic
field negligible, and as such, the applied magnetic
field is the dominant field. Consequently, the
electromagnetic body force is considered.

= Boundary layer ensues during the flow, and as such,
its approximation is considered.

p—

Fig. 1. Schematic diagram of the flow model

Under the assumptions, the governing equations of flow and
energy can be expressed as follows.

du/dx + dv/dy =0 1)
udu/dx + vaov/dy = va*u/dy? — oBZu/p — vu/k,(2)
udT/0x +vadT/dy =

k/pCp azT/ayz + QO(T - TOO)/pCp - 1/pCp aqr/ay

@)

Where,

u, v is the x- and y-components respectively, T is the fluid
temperature, p is the fluid density, v is the kinematic viscosity,
k, is the permeability of the porous medium, o is the electrical
conductivity of the fluid, B, is the applied magnetic field, T,
is the far-field temperature, k is the thermal conductivity of
the fluid, C, is the specific heat capacity at constant pressure,
Q, is the volumetric rate of heat generation or absorption, and
q, is the radiative heat flux.

The corresponding boundary conditions for the wvelocity
components and temperature for the cases of the heating
conditions of the model are

Velocity

U=U, =—-cx,v=-1, aty =

U—-0 asy - o (@)
Energy

PST Case

T=T,(x) aty =0

T > Ty asy — oo (5)
PHF case

—kdT /0y = q,,(x) aty = 0
T->Ty, aSy >

} (6)
Where,

U,, is the shrinking velocity, ¢ > 0 is the shrinking constant,
v,, > 0 is the wall mass suction, T, is the temperature of the
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sheet. However, the radiative heat flux in (3) can be linearized
by employing the Roseland approximation according to Ishak
[31-35] such that g, takes the form

qr = —40"/3k, 0T*/dy @)
Where ¢ and k. are the Stefan-Boltzmann constant and the
mean absorption coefficient, respectively. Assuming that the
temperature within the flow is small, T* may be expressed as a
linear function of temperature using a Taylor series expansion.
The Taylor series expansion for T* about T, neglecting
higher-order terms of (T — T,,) gives

T* = 4T3T — 3T* (8)

The equation below is obtained by using (7) and (8) in (3).
udT/dox +vadT/dy =

k/pC,0%T/0y* + Q,(T — Te)/pCp +

160°T3 /3pCpk, 0%T /dy? 9)

To facilitate the transformation of (1) - (4) into similarity
equations, we present the following similarity and
dimensionless variables for the two cases of thermal
conditions.

PST Case

n = (c/v)?y, plx,y) = (v)2xf (),
0()) =T — T /Ty — To, Ty — Toy = A

} (10)
} (11)

Such that 1 is the stream function related to the velocity
components in the form
u=1,andv = —,
Where,

c is a constant of proportionality, n is the similarity variable,
f(n) and 6(n) are dimensionless velocity and temperature
functions, respectively, while A, and M, are constants.

The following equations were obtained using (10), (11), and
(12) in (1) through (4).

PHF Case

n = (c/v)2y, P(x,y) = (v)V2xf (n),
T = qux/k (c/V)V20() + To, g = Myx

(12)

Velocity

fUHff =T = (MPHK)f =0 (13)
f=S,, fl=—1l,atn=0

f'-0 asn —» o } (14)
PST Case

(1+R)6" + Prf6' — Prf'6 + PrH,6 = 0 (15)
60=1 atn = 0,

6-0 asn—-0 } (16)
PHF Case

(1+R)6" +Prfo' —Prf'6 + PrH,0 = 0(17)

0=-1 atn = 0

6-0 asn -0 } (18)

It’s important to note that the prime denotes differentiation

and it’s with respect to 7). Equation (1) is identically satisfied
in the transformation. It is observed that the same equation is
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obtained for both PST and PHF cases, the difference being the
boundary conditionatn = 0 in (16) and (18).

Furthermore, S,, > 0 (V,, > 0) indicates suction. Additionally,
Hg > 0 denotes a heat source and H, < 0 denotes heat sink.

IV. METHOD OF SOLUTION

A. Regular Perturbation

The solution approach deployed in this study is the regular
perturbation technique. Also known as linearization or
asymptotic series expansion method, it’s an analytic method
for finding the approximate solution of nonlinear equations.
This method hinges on the identification of a small parameter,
0 < & « 1. The solution is then expressed as a power series in

the small parameter, £. The present methods have proven to be
powerful in many areas of applied mathematics, sciences, and
engineering. The major criterion for employing the regular
perturbation method is the placement of the small parameter,

script epsilon,, in the ordinary differential equation (ODE). If
the order of the ODE is preserved as € — 0. Then the ODE
can be solved by applying the regular perturbation method. In

other words, if £ appears as a multiplicative factor in a term in
the ODE, such that the order of the ODE is preserved and
satisfies the boundary condition as € — 0. Then, the regular
perturbation technique can be employed. Thus, the solution is

expressed as a power series expansion in terms of powers of &,
as follows.
2oy () 2 y(x,€) =y, +eyy + ey, + o (19)

The series (17) is substituted into the transformed coupled
ordinary differential equations (CODE) and boundary

conditions. Then, the coefficients of like powers of & are
selected to obtain a series of equations and solved
sequentially. The solutions of y;(x) are substituted into (19) to
obtain an approximate solution of the CODE. The regular
perturbation method is a clear and direct approach for
obtaining solutions to nonlinear systems without complex
convergence criteria and discretization overhead. The
procedure adopted in the present work consists of
transforming the ordinary differential equations into a
similarity equation at large suction, linearizing the resulting
nonlinear similarity equations by employing the asymptotic
series expansion of the regular perturbation scheme, and
solving the resulting linear equations.

B. Similarity Equations at Large Suction

At large suction, S,, > 1. Thus, according to Bestman [36],
we define the following relations to facilitate the derivation of

similarity equations.

¢ =Sw, f) =S5,F($),6(n) = 0(¢) (20)
F" + FF" — F*(M? + K)eF' = 0 (1)
F(0) =1, F'(0)=—¢  at¢p=0

F' -0, as¢ - o } (22)
(1+R)®" +PrFO' —PrF'@ + PrH;e® =0 (23)
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PST Case: ©(0) = 1, O(0) > 0 (24)
PHF Case: ©/(0) = —1/S,, , @(®) > 0 (25)
where, &=1/52 (26)

Meanwhile, large values of suction S,,,, implies, € << 1 and,
as such, serve as the perturbation parameter.

C. Linearization

It is observed from (21) and (23) that the small perturbation
parameter, & multiplies a lower-order derivative. Therefore, it
qualifies the equations as a regular perturbation problem.

Consequently, we employ the asymptotic series expansion
technique of the regular perturbation scheme to linearize the

nonlinear similarity equations at large values of S,,. We
define a series solution of the form.

F(¢) =1+ X3, e"F($) (27)
0(P) = Y=o £"On(®) (28)

The following set of ordinary differential equations and their
corresponding boundary conditions are obtained using (27),
(28) and their derivatives into (21) — (25) and simplifying
further.

0(£°):(1+R)OY +Pro, =0 (29)
0(0) =1, O(o) -0 (PST) (30)
0(0)=-1/S,,,6(x0) =0 (PHF) (31)

0(e): F"+F'=0 (32)
F1(0) =0, F{(0) =-1,  F{(c) - o (31)
(1+R)O) + Pr[0) + F,0, —F|0, + H,0,] = 0

(33)
0,(0) =1, 0,() = 0, (PST) (34)
0:(0)=0, 0, () - 0, (PHF) (35)

0(&%): F}' + Fy + F,F/' — F" — (M? + K)F] = 0(36)
F5(0) = 0, F3(0) = 0, F3(0) - 0 (37)
(1+ R)6Y + Pr[@} + F,0, + F,0, — F|0, — F}0, +

H,0,]1=0 (38)
0,(0) =1, @,() = 0, (PST) (39)
0,(0) =0, 0,(0) > 0, (PHF) (40)

0(€3): FY' + F + F,F) + F,F!' — 2F|F) — (M? + K)F} =

0 (41)
F3(0) = 0, F3(0) = 0, F3(0) = 0 (42)

V. ANALYTICAL SOLUTION

The solutions of the equations above obtained analytically are
as follows.

F, =1 (43)
Ff=—1+e? (44)
Fy,=—A[-1+e %+ pe?] (45)
F3=2(A)-1+e?+1/4¢% % + pe?] (46)
Where,

Ay =1—-(M?+K) (47)
PST Case

0, = e B1¢ (48)
0, = —Bse P1% + B,peP1? + Be~ (1B g (49)
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0, =
—By/(1+B)e B1® —B,(2+B,)/(1+B;)?e B1¢ —
B/2(2 + B,)e 51 — B, /B, peB1® + B. /2B, p?e B1® +
Bs/B; ¢p?e B1% + B, /B2 pe B1® + B/(1 + B,) e"(1+BV®
B;/(1 + B;) pe~ (B¢ 4
(24 B,)B,/(1 + B,)?e~(+BUé L B /2(2 4+ B,) e~?+BU®
(50)
Where,
B, to Bg are constants and defined as follows.
B, =Pr/(1+R)
B, = B, + H;
B; =B;(B, —1)/(1+ By)
B, = (B1)?B3 + BB, — A;(B,)* + B HB;
Bs = B;B, + B{H{B,
B = 1‘11(5’1)2 — BB, — 2(31)233 — B,H,B;
B; = (B,)*B, + A;(B,)* — B;B, — A, B;

Bg = (31)233
PHF Case
0, = 1/B,S,, e 51¢ (49)
61 = Bze_Bl¢ + B3¢€_Bl¢ + B4€_(1+Bl)¢ (50)

0, = —Bs/B? e B1® + B, /B} eB19 — B, /B, e751% +
Bg/B;(1+ B,) e #1® — Bg(2 + B;)/B; (1 + By) e %1% —

ﬁe—Bﬂﬁ — ﬁ¢e—31¢ + B_6¢Ze—31¢ + 36/312 ¢e—31¢ +
2B, By 2By

B,/(1+ By) e~ 1*BV9 4 B /(1 + B;) pe~(1+BV 4
Bg(2 + B;)/(1 4 B;)?e~U+BU® 4 B /2(2 + B;) e~ ?*BV¢
(51)
Where,
B, to By are constants and defined as follows.
B, =Pr/1+R
B, = Hg + 2B, — (31)2/B1Sw
B; = B; + Hy/B,B,
B, = (31 - 1)/B1~S‘w
Bs = _(31)232 + ByB; — A1B,/S,, — B;B,H;
Bs = (B,)*B3 + B, B3 H;
B, = —B;B, — (B1)*B, + (B;)*B, — ByB3 + A, B, /S,,
— BB, — B1B,H;
Bg = (B,)*B3 + A1B1/S,, — BiB; — A, /S,
By = (31)234

The velocity and temperature profiles are obtained from the

equations below.

f'()) = S5 5o " F (@)
(0]

0(n) = Xnzo€"0'n ()

Thus, the analytic solutions for the rate of flow and energy
include the following.

(52)
(53)

Flow Rate
') =—e™—Ame™/(S,)* Aine™/(5,)* —

(A e /(Sw)* — (A)*n?e™/2(S)* (54)
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Energy Profile

PST Case

0(n) = e B +1/(S,,)? [-Bse 51" + Byne Ban 4+

Bze~(*EUn] +1/(S,)* [~ Be/(1 + B,) e 517 —

B7(2 + Bl)/(l + Bl)z E_Bln - 38/2(2 + Bl) 6_3177 -

B,/B;ne 51® + B. /2B, n%e~51" + By /B, n?e~F1M +

Bs/B?ne B + Bg /(1 + By) e~ (1+B0n ¢

B;/(1+ By) e~ 1500

(24 B,)B;/(1 4+ B,)? e= (BN + B /2(2 + By) e~ +EUN]
(55)

PHF Case

0(n) = 1/B;S,, e 51" + 1/(S,,)? [B,e 51" + Byne B17 4+

B,e~1*BUN| 4+ 1/(S,)* [ Bs/B? e ™51 + Bs /B} e 7517 —

B,/B, e 51" + By /B, (1 + B;) e P17 —

Bg(2+ B;)/B;(1 + B,) e 81 — By /2B, e B1M —

Bs/B, Ue_Bln + Bs/2B, 772@_311’ + Be/(Bl)z 77@_3177 +

B,/(1+ By) e~ U+BUn 4 B /(1 + B;) pe~(+BuUn 4

Bg(2 + By)/(1 + By)? e~ (+BUn 4 B /2(2 + B;) e~ @+E07]
(56)

D. Skin Friction and Nusselt Number

Two parameters of physical significance are the local skin

friction coefficient and the dimensionless coefficient of heat

transfer known as the Nusselt number.

The local skin friction, Cy, is given by

Cr, = 2t/pU3,

Where,

T, = uou/dy , is the wall shear stress.

Hence,

Cfx — 2Re_1/2f”(0)

Where,

f'(0) =S, —A/S, — (A1)*/(SW)?

The Nusselt number is defined as

Nu = xqw/k(Tw - Too)

Where,

qw = —k[0T /0y], = is the wall heat flux.

Therefore, for the two cases under consideration, we have

PST Case

Nu, = —(1+ R)R;Y?0'(0)

Where,

6'(0) = —=S,B; +1/S,, [B;B; + B, — (1 + B;)B3] +

1/55[B1Bs/(1 + By) + BiB;(2 + B,)/(1 + B;)* +

BiBg/2(2 + B,) — B4/B; + Bs/Bf — Bg + B;/(1+ By) —

(67)

(58)

(59)

(60)

(61)

B;(2+ By)/(1 +B,) — By/2] (62)
PHF Case

Nu, = (1+ R)/R,?6(0) (63)
Where,

0(0) = 1/B,S,, + 1/55 [B, + Byl + 1/(S,)* [- Bs/Bf +
Bs/B} — B;/B, + Bg/B,(1+ B;) —

Bg(2+ B;)/B;(1+ B;) —By/2B; + B, /(1 + B;) +
Bg(2 + B;)/(1 + By)* + By/2(2 + By)] (64)
From (61) - (63), the dimensionless Nusselt number, Nu} for
the two heating modes takes the form
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Nu} = Nu,/(1+ R)RY? = 1/6(0),-6'(0) (64)

VI. RESULTS AND DISCUSSION

The parameter values used to generate each velocity and
temperature profile plot are as follows. In figure 2. Impact of
magnetic parameter on flow rate. M = 0.0, 1.0, 1.5, 2.0 with
Sy =5=20,k=05.

In figure 3. Impact of suction on flow rate.

Sy =5=1.0,15,2.0,2.5with M = 2.0, k = 0.5.

In figure 4. Impact of permeability parameter on flow rate.
K =0.0,0.5,1.0,2.0, withM = 1.0, M = 3.0,S,, = S = 2.0.
In figure 5. Impact of magnetic parameter on temperature.
M =1.0,3.0,5.0,with S, =S = 2.0, H, = 0.5,K = 0.5,.

R =1.0,Pr =0.7.

In figure 6. Impact of mass suction parameter on temperature.
Sy =S =2.0,4.0,6.0, with H, = 0.5,K = 0.5,R = 1.0,
Pr=0.7.

In figure 7. Impact of heat source/sink on temperature.

Hg, = —0.25,0.0,0.25 with S, =S = 2.0, M = 2.0,
K=05R=1.0Pr=0.7.

In figure 8. Impact of Prandtl number on temperature.

Pr =0.3,0.5,1.0 with S, =5 =2.0, M = 2.0,K = 0.5,
R=1.0,H, = 0.5.

In figure 9. Impact of radiation on temperature.
R=05,1.0,20 with S,=5=20, M=2.0K=0.5,
Pr=0.7,H, = 0.5

In figure 10. Impact of permeability on temperature.

K =1.0,3.0,5.0 with S, =S5 =2.0, M = 2.0,Pr = 0.7,
R=1.0,H, = 0.5.

The solutions for this flow model are obtained using the
regular perturbation technique. This technique has proven
useful in many areas of applied mathematics, offering a more
direct approach to solving certain nonlinear systems than most
numerical methods that rely on discretization and
convergence. Consequently, the numerical results are in good
agreement with those in the literature, as shown in Table 2. A
plot velocity profiles from the present analytical solution
alongside a numerical solution to demonstrate that the
perturbation solution converges well within the parameter
range explored in the work are given as follows.

The effects of the magnetic parameter M?, the suction
parameter S, and the permeability parameter K on the velocity
profiles are shown in Figures 4 — 6, while their influence,
including that of the heat source/sink Hg, the radiation
parameter R, and the Prandtl number, on the temperature
profile under the two thermal conditions of PST and PHF is
displayed in Figures 7 — 12. Furthermore, the effects of some
physical parameters on skin friction and heat transfer rate are
analyzed in Tables 3 and 4.

Figure 4 shows the effect of the magnetic parameter on the
velocity profile. A transverse magnetic field imposed on an
electrically conducting fluid induces an electric field. The
interaction between the applied magnetic field and the induced
electric field produces the Lorentz force. A higher magnetic
parameter implies a stronger Lorentz force. The Lorentz force
acts as a resisting force that confines the vorticity generated by
the shrinking sheet within the boundary layer. This enables a
steady flow over the shrinking sheet.
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Fig. 2. The plot of analytical solution of velocity profile
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Fig. 3. The plot of numerical solution of velocity profile

Consequently, the boundary layer thickness decreases. Thus,
increasing the magnetic parameter enhances fluid velocity.
The magnetic parameter is practically important because it
controls the flow of the electrically conducting fluid and
ensures that heat is transferred at the desired rate. In the
manufacturing process, the quality of the final product
depends largely on the rate of heat transfer, and the cooling
fluid that is meant to cool the shrinking sheet plays an
important role in determining the desired property of the
product. Therefore, proper regulation of the fluid flow is very
important, and this can be achieved through the presence of an
external magnetic field. The influence of the mass
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suction/injection parameter is depicted in Figure 5. It is
observed that at low suction, there is a pronounced drop in the
fluid velocity away from the wall, which is indicative of
boundary layer detachment. As the suction parameter
increases, the fluid velocity rises rapidly, moving closer to the
sheet and approaching the far-field condition more quickly.
This indicates that strong suction is needed to sustain flow
over a shrinking sheet. As a result, the thickness of the
momentum boundary layer decreases. Physically, this is
because, on shrinking surfaces, fluid is drawn toward the
surface, and, because of frictional resistance in the form of
viscosity, this leads to the accumulation of low-momentum
fluid at the wall. Increasing suction removes accumulated
fluid, which restrains the instability generated, leading to
sustained steady flow over the surface. Thus, suction can be
useful in turbulence control and thermal management.

Figure 6 shows the impact of the permeability parameter on
the velocity profile, with an interesting behavior noticed in
flow dynamics. For values of the magnetic parameter, M2 <
1, fluid velocity increases with increasing values of the
permeability parameter, but with M2 > 1, the fluid velocity
decreases with rising values of the permeability parameter.

-2.0.1 8

0.2
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Fig. 4. Impact of magnetic parameter on flow rate
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1.2 -

Fig. 5. Impact of suction on the flow rate

This behavior could be attributed to the fact that when the
magnetic parameter is small, the permeability parameter
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becomes a stabilizing force that sustains flow over the sheet.
However, with a strong magnetic field M? > 1, the
requirement for the stabilizing influence of the permeability
parameter diminishes, and the Lorentz force becomes the
dominant stabilizing force that sustains flow.

Figure 7 illustrates the influence of the magnetic parameter on
the temperature distribution. As the magnetic field is increased
in both the PST and PHF cases, a decreasing trend in
temperature is observed, thinning the thermal boundary layer
as well as reduction in the thermal boundary layer thickness.
Convection at the sheet changes when the magnetic parameter
rises, and fluid velocity increases, resulting in a drop in the
thermal boundary layer. However, the impact of the PHF case
exceeds that of the PST case.

n

Fig. 6. Impact of permeability on the flow rate
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Fig. 7. Impact of magnetic parameter on Temperature

Figure 8 depicts behavior similar to that of the magnetic
parameter as the suction parameter increases. As the mass
suction parameter increases, both PST and PHF's temperature
profiles rapidly decrease. Suction removes low-momentum,
heated fluid from the surface, increasing steady flow and
decreasing intermolecular interaction, lowering  fluid
temperature. However, when suction increases, the
temperature in the PHF case drops more quickly than in the
PST instance. Figure 9 illustrates how the heat source/sink
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affects the temperature profile. For both PST and PHF,
temperature increases with the heat source and decreases with
the heat sink. Physically, giving heat raises the temperature,
and removing heat decreases it. The PHF case has a higher
temperature than the PST case. Figure 10 depicts the influence
of the Prandtl number on the temperature profile. The
temperature declines fast as the Prandtl number rises under
both thermal situations, and the thermal boundary layer thins.
A higher Prandtl value indicates poorer heat conductivity and
less conduction. Furthermore, the temperature decreases more
quickly in the PHF scenario than in the PST case. Figure 11
depicts the effects of radiation on the temperature profile. As
the radiation parameter increases, so does the temperature,
causing the thermal boundary layer to thicken. An increase in
radiation suggests a low mean absorption coefficient in the
Roseland approximation, meaning an increase in radiation
heat flow. As the radiation parameter increases in the PST
case, the surface temperature rises significantly (overshoots).
However, the temperature rise is more noticeable in the PHF
situation compared to the PST condition. In high-temperature
operations, the surface and working fluid produce heat in the
form of radiation. Thus, understanding the effect of radiation
on flow and heat transfer is critical for designing many
sophisticated heat transfer systems that operate at extremely
high temperatures. In missile technology, gas turbines, and
processes such as polymer and metal processing, where
effective thermal control is essential, understanding the impact
of radiative heat transfer is critical. Figure 12 depicts a
diminishing trend in temperature as the permeability
parameter increases for both thermal situations. In keeping
with the general tendency, the PHF instance resulted in a
thicker thermal boundary layer.

25 -
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0.5 - e eed
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Fig. 8. Impact of mass suction parameter on Temperature
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Fig. 11. Impact of radiation on Temperature

Table 2 outlines the influence of some of the physical
parameters on the Nusselt number, Nuy , which expresses the
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heat transfer rate. From the table, it is observed that Nu,
declines with increasing values of the heat source (H; > 0)
for both the PST and PHF cases. Heat sources introduce
additional thermal energy into the boundary layer, thereby
reducing the heat transfer rate at the wall, while a heat sink
(Hs < 0), displays opposite behavior. With increasing values
of Pr, it is noted that the rate of heat transfer enhances
significantly for both thermal boundary conditions.

High Pr indicates low thermal conductivity, which reduces
heat transmission away from the surface. This causes a
narrower thermal boundary layer and a sharper temperature
gradient at the surface. As the magnetic field strengthens,

Nu;cF increases slightly in both the PST and PHF instances.
This shows that the magnetic parameter is not the primary

convective agent in this flow configuration.
Table 3 shows how suction S,, and radiation R affects Nu; .
For both thermal settings, Nu,}L strengthens significantly as the

magnitude of S, increases. This action demonstrates how
suction improves heat transfer at the wall. Physically, suction
stabilizes the boundary layer by removing low-momentum and
hot fluid from the vicinity of the surface, resulting in a thin
thermal boundary layer that enhances heat transfer. However,
as the radiation parameter increases, the reverse pattern
emerges. Thermal radiation tends to raise the general
temperature because the surface emits heat in the form of
radiation, which increases the fluid's internal energy and so
lessens the temperature gradient at the surface. These patterns
are comparable with existing findings in the literature on
MHD boundary layer flow over shrinking sheets. The
deviations observed in the present results, particularly at the
lower suction parameter values (S, = 2.0-2.5), may be
qualitatively attributed to the underlying large-suction
asymptotic assumption employed in the perturbation
formulation. In asymptotic suction boundary-layer theory, the
analytical expansion is derived under the assumption that the
suction parameter is sufficiently large so that higher-order
correction terms become negligibly small and the boundary
layer rapidly approaches its asymptotic state. Consequently,
when the suction parameter is only moderately large, as in the
lower S, cases of the table, the neglected higher-order terms
and nonlinear interactions still contribute appreciably to the
thermal field, thereby reducing the accuracy of the asymptotic
approximation. This explains why the predicted values of
Nujexhibit stronger deviations at smaller suction levels,
whereas the agreement improves progressively as S,, increases
from 2.0 to 3.0, where the asymptotic assumptions become
more valid and the thermal boundary layer becomes thinner
and more stabilized by wall suction. Similar observations
regarding the restricted validity of asymptotic suction
approximations at moderate or low suction rates have been
reported in classical and modern boundary-layer studies,
where asymptotic formulations were shown to provide
increasingly accurate predictions only in the high-suction
regime (Gershbein, 37; Zammert et al. 38; Zamir and Young,
39).
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TABLE 2: IMPACT OF H,, Pr AND M? ON NUSSELT NUMBER, Nu, FOR BOTH

PST AND PHF CASES
H, Pr m? Nuj Nuj
PST (Present PHF (Present

Study) Study)

0 0.7 2.0 0.41006 0.68236
0.5 0.7 2.0 —0.13961 0.45532
1.0 0.7 2.0 —0.86784 0.29248
1.0 1.0 2.0 —0.41528 0.48805
1.0 1.5 2.0 0.17971 0.79778
1.0 2.0 2.0 0.71875 1.05785
1.0 0.7 3.0 —0.81983 0.30111
1.0 0.7 4.0 —0.77182 0.31027
1.0 0.7 6.0 —0.67580 0.33035
-1.0 0.7 2.0 0.97367 0.67569
-2.0 0.7 2.0 0.82299 0.28882

TABLE 3: IMPACT OF Hg, S,,,, K AND R ON NUSSELT NUMBER, Nu, FOR BOTH

PST AND PHF CASES
Sw K R Nujf Nuj}
PST (Present PHF (Present

Study) Study)
2.0 0.5 1.0 -0.86784 0.29248
2.5 0.5 1.0 -0.14640 0.53228
3.0 0.5 1.0 0.30427 0.77569
2.0 1.0 1.0 —0.84384 0.29674
2.0 1.5 1.0 -0.81983 0.30111
2.0 0.5 1.5 -1.15137 0.20303
2.0 0.5 2.0 —1.39733 0.14631

A TERM-BY-TERM ERROR ANALYSIS OVER A RANGE OF s,,

VALUES

The thermal response gradually changes as suction increases,
and the rate of variation varies considerably between the PST
and PHF thermal boundary conditions, according to a term-by-
term error analysis of the Nusselt number Nuf with regard to
the suction parameter S,,. The Nusselt number for the PST
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example at fixed K = 0.5 and R = 1.0, varies from —0.86784
at S, = 2.0 to —0.14640 at S, = 2.5 and finally to 0.30427
at S, =3.0. The equivalent subsequent increments are
+0.72144 and +0.45067, respectively, showing that the
corrective terms get smaller as suction rises. An approximate
relative truncation error of

| 0.45067 — 0.72144 |/0.72144 x 100 = 37.53%.

is obtained by reducing the second increment in comparison to
the first. This demonstrates that as suction increases, the
perturbation contributions gradually converge. Nuj grows
from 0.29248 to 0.53228 and subsequently to 0.77569 for
the PHF scenario with the identical assumptions, resulting in
increments of 0.23980 and 0.24341. Between these
subsequent words, the relative difference is

| 0.24341 — 0.23980 [/0.23980 x 100 = 1.51%.

When compared to PST, the extremely small percentage error
indicates a very consistent convergence pattern for the PHF
solution. As a result, over the investigated suction range, the
PHF thermal condition shows improved numerical consistency
and smoother asymptotic behavior. The variations in the
permeability parameter K also show the solution's
convergence properties for constant suction S, = 2.0 and
radiation parameter R = 1.0. In the PST situation, Nuf
changes from —0.86784 to —0.84384 when K is increased
from 0.5 to 1.0, resulting in a correction term of 0.02400.
Values of —0.81983, —1.15137, and —1.39733 are produced
by further increases to K = 1.5 and K = 2.0. The further
adjustments are —0.33154, —0.24596, and 0.02401. Higher-
order terms become more significant at higher permeability
values, as indicated by the sudden sign reversal after K = 1.5,
which suggests slower convergence of the perturbation
expansion in the PST configuration. In comparison, the PHF
values range from 0.29248 to 0.29674, 0.30111, 0.20303,
and 0.14631. The comparable increments are —0.09808,
—0.05672, 0.00426, and 0.00437. For small value of K, the
solution initially converges smoothly, but higher permeability
values introduce stronger nonlinear effects that increase the
gap between subsequent terms, even though the solution
initially converges smoothly for small value of K. However,
the PHF boundary condition offers more numerical stability
and less sensitivity to perturbation truncation errors over the
studied parameter range, as evidenced by the fact that the
amplitude of variation in PHF is still significantly smaller than
in PST.

QUANTITATIVE COMPARISON OF THE NUSSELT NUMBER UNDER
BOTH CONDITIONS AND EXPLANATION, FROM THE PERSPECTIVE
OF THE ENERGY EQUATION AND BOUNDARY CONDITIONS, WHY
THE PHF MODE CONSISTENTLY PRODUCES THICKER THERMAL
BOUNDARY LAYERS

For almost all parameter combinations, the PHF condition
consistently produces higher positive Nusselt numbers than
the PST condition for the data shown in Table 2. This
indicates weaker wall temperature gradients and, as a result,
thicker thermal boundary layers under PHF heating. For
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example, the PST and PHF Nusselt numbers are 0.41006 and
0.68236 at H; = 1.0, Pr = 0.7, and M? = 2.0, respectively;
at H,=1.0, Pr =0.7, and M? = 2.0, the values become
—0.86784 and 0.29248. The PHF value rises from 0.29248
to 1.05785, while the PST Nusselt number changes from
—0.86784 to 0.71875 when the Prandtl number is increased
from Pr = 0.7 to Pr = 2.0 at fixed values of H, = 1.0 and
M? = 2.0. In comparison to the PST example, where the wall
temperature is fixed, the constantly higher PHF values show
that the imposed constant heat flux permits the wall
temperature to dynamically adapt in response to the flow field,
therefore minimizing the near-wall temperature disparity.
Thermal energy diffuses farther into the fluid before meeting
the boundary requirement because, from the perspective of the
energy equation, the PHF boundary condition introduces a
predefined thermal flux term rather than a prescribed
temperature limitation. A thicker thermal boundary layer
results from an increase in the thermal diffusion length. The
PST condition, on the other hand, immediately fixes the
surface temperature, resulting in a steeper temperature
gradient close to the wall, a relatively thinner thermal

boundary layer, and a higher rate of heat transfer. In both
cases the dimensionless energy equation is the

Same. The difference lies entirely in the thermal boundary
conditions imposed at the wall (y = 0) as shown in
Equations (5) and (6).

Despite differences in suction S,,, permeability K, and
radiation parameter R, Table 3 shows a similar pattern, with
the PHF case continuously generating greater and smoother
Nusselt-number distributions than the PST instance. The PST
and PHF values are —0.86784 and 0.29248, respectively, at
Sy =2.0, K=0.5, and R =1.0; the values increase to
0.30427 and 0.77569 when suction is increased to S,, = 3.0.
Similarly, the PST Nusselt number changes from —0.86784 to
—0.81983 when permeability is increased from K = 0.5 to
K =1.5 at fixed S,, = 2.0 and R = 1.0, but the PHF value
marginally increases from 0.29248 to 0.30111. The PHF
values drop more gradually from 0.20303 to 0.14631 under
increased radiation, whereas the PST values drop dramatically
from —1.15137 at R = 1.5 to —1.39733 at R = 2.0. This
quantitative behavior shows that the PHF arrangement keeps
the thermal field inside the boundary layer more dispersed.
Physically, regardless of the local wall temperature, the
constant heat-flux boundary condition continuously introduces
thermal energy into the fluid, enabling the thermal field to
extend farther into the flow zone. As a result, the energy
equation creates a thicker thermal boundary layer by balancing
conduction and convection across a greater distance from the
wall. In contrast, a thinner thermal boundary layer and more
abrupt fluctuations in the local heat-transfer rate result from
the PST condition's restriction of the wall temperature to a
fixed value, which increases the temperature differential close
to the surface and limits thermal penetration.
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TABLE 4. COMPARISON O F VALUES f"'(0) FOR VARIATIONS IN Sy, WITH
MAKINDE ET AL. [40] AND BABU ET AL [23]WHEN M? = 2, K = 0

s Makinde et al. Makinde et al. Babu et al. Present
w (MSV) (DSM) (Numerical) Study
1 - - - 1.000000
2 2.4142136 2.414214 2.41448 2.375000
3 3.302776 3.302776 3.30281 3.296296
4 4.2360679 4.236067 4.23607 4.234375
5 - - - 5.192000

Table 4 shows a positive skin friction f''(0), which indicates
that the fluid exerts a dragging force on the shrinking sheet.

V. CONCLUSION

An analysis of the flow dynamics and heat transfer behavior
for the boundary layer magnetohydrodynamic flow over a
shrinking sheet embedded in a porous medium with suction,
heat source/sink, and thermal radiation effects has been
examined under two thermal boundary conditions, namely
prescribed surface temperature (PST) and prescribed heat flux
(PHF) The results highlight the following points:
Increase in magnetic field and suction enhances the
fluid velocity but diminishes the thermal boundary
thickness and reduces the temperature profile.
= Increase in Prandtl number and permeability reduces
the temperature distribution, thus leading to a thinner
thermal boundary layer, while radiation and heat
source produce the opposite effect. With an increase
in heat source and radiation, the rate of heat transfer
declines in the PST and PHF cases, while a surge in
Prandtl and Suction promotes the heat transfer rate.
= An increase in the magnitude of the magnetic field
and permeability parameter leads to a marginal
increase in the heat transfer rate for both PST and
PHF cases.
= The PHF case produced higher thermal boundary
layers and had a stronger influence on the various
parameters than the PST case.
= Suction and Prandtl parameters are the most
effective mechanisms for enhancing the rate of heat
transfer, whereas radiation and heat source inhibit
heat transfer.
= The PHF boundary condition consistently
outperforms PST, making it more suitable for
applications requiring efficient thermal management
The results show that suction plays a stabilizing role in
sustaining boundary layer flow over a shrinking sheet and
highlight the role of the magnetic field as a flow control
parameter. Furthermore, it is observed from the temperature
profiles that the PHF case consistently produces higher
temperature profiles than the PST case, and consequently,
thicker thermal boundary layers. As a result, PHF conditions
may be more desirable for systems where sustained heating is
needed. Consequently, this study fosters a better
understanding of MHD flow dynamics and thermal boundary
layer behavior for flow over a shrinking sheet. These findings
enrich the extant literature and further deepen the
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understanding of heat transfer behavior, especially when
surfaces are exposed to different thermal conditions. It
highlights the influence of PST and PHF thermal conditions
on the thermal boundary layer. This is critical to high-
temperature-driven processes where thermal control is of
optimal importance. The thermal boundary layer responds
differently to different surface heating conditions. Thermal
engineers can leverage the findings to optimize thermal
control in industrial processes.

Further studies can consider different geometries or non-
Newtonian fluids, a non-uniform magnetic field, and varying
fluid properties to further enhance the industrial relevance.
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